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Encouraged with the evidence for Z = 6 magic number in neutron-rich carbon isotopes, we have
performed relativistic mean-field plus BCS calculations to investigate ground state properties of en-
tire chains of isotopes(isotones) with Z(N) = 6 including even and odd mass nuclei. Our calculations
include deformation, binding energy, separation energy, single particle energy, rms radii along with
charge and neutron density profile etc., and are found in an excellent match with latest experimental
results demonstrating Z = 6 as a strong magic number. N = 6 is also found to own similar kind of
strong magic character.
PACS numbers: 21.10.-k, 21.10.Dr, 21.10.Ft, 24.10.Jv, 23.50.+z
I. INTRODUCTION
There have been several experimental evidences since
last two decades which have proven the evolution of nu-
clear shell structures and consequently visualized new
magic numbers along with disappearance of convention-
ally known magic numbers in the various regions of pe-
riodic chart. Few of them have confirmed magicity for N
= 14 [1–3], N = 16 [4–6], Z = 16 [7], N = 32 [8–10], N
= 34 [11] etc., and break down of conventional magicity
N = 8, 20, 28 etc. [12–14]. Moreover, from separation
energy systematics, beta decay Q-values and first excited
states of nuclei the possibility of a new sub-shell closure
at N = 6 is suggested for neutron-rich isotopes by Ka-
nungo et al. [6]. Furthermore, magicity of N = 6 has
been discussed in terms of spin-isospin dependent part
of the nucleon-nucleon interaction by Otsuka et al. [15].
In addition, it has been shown using extension of the
Bethe-Weizscker mass formula [16], Relativistic Mean-
Field theory [17] and potential energy surfaces calculated
within the cluster-core model [18] that N = 6 and Z = 6
indeed show characteristics similar to shell closures. In
2008, ground state structure of 9Li has been investigated
through the d(Li9,t)Li8 one-neutron transfer reaction at
E/A = 1.68 MeV and spectroscopic factors are derived
from a DWBA analysis by Kanungo et al., which showed
dominance of N = 6 sub-shell gap over conventional shell
gap at N = 8 [19]. Y. Kanada et al. has investigated neu-
tron number dependence of proton radii of Be, B, and C
isotopes and found that proton radii in C isotopes show
a weak N dependence because of the stable proton struc-
ture in nuclei with Z = 6 [20]. Recently, in 2017, experi-
mental evidences for proton number Z = 6 in 13−20C are
obtained from systematic analysis of radii, electromag-
netic transition rates and atomic masses of light nuclei
[21], which have invoked this present theoretical study.
In this communication, we describe ground state prop-
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erties of even and odd mass nuclei with Z = 6 and N
= 6 to investigate magic character of Z(N) = 6 from
neutron drip-line to proton drip-line. To probe magic-
ity with the help of various properties viz. binding en-
ergies, single particle energies, deformations, separation
energies, pairing energies as well as radii and density
distributions etc., we use Relativistic Mean-Field plus
Bardeen-Cooper-Schrieffer (RMF+BCS) approach [22–
33] with NL3* parameter [34]. The results are compared
with the available experimental data [35] and results of
another popular force parameter PK1 [36] at places to
testify our outcomes. In our approach single particle
continuum corresponding to the Relativistic Mean-Field
(RMF) is replaced by a set of discrete positive energy
states [32, 33] yielding results in excellent agreement
with the experimental data along with recent continuum
Relativistic Hartree-Bogoliubov (RCHB) and other sim-
ilar mean-field calculations [37, 38]. This approach has
proven to be very successful for the extensive study of (i)
conventional and new magic nuclei [33, 39–43], (ii) two
proton radioactivity [44], and recently describing (iii) in-
terdependence of 2p-halo with 2p-radioactivity [45] and
(iv) Bubble structure [43].
II. RELATIVISTIC MEAN-FIELD THEORY
RMF calculations have been carried out using the
model Lagrangian density with nonlinear terms both for
the σ and ω mesons as described in detail in Refs. [26,
32, 44].
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2where the field tensors H , G and F for the vector fields
are defined by
Hµν = ∂µων − ∂νωµ
Gaµν = ∂µρ
a
ν − Int∂νρaµ − 2gρ ǫabcρbµρcν
Fµν = ∂µAν − ∂νAµ
and other symbols have their usual meaning. Based on
the single-particle spectrum calculated by the Relativistic
Mean-Field (RMF) described above, we perform a state
dependent BCS calculations [46, 47]. The continuum is
replaced by a set of positive energy states generated by
enclosing the nucleus in a spherical box. Thus the gap
equations have the standard form for all the single par-
ticle states, i.e.
∆j1 = −
1
2
1√
2j1 + 1
∑
j2
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(j1
2) 0+ |V | (j22) 0+
〉
√(
εj2 − λ
)2
+ ∆2j2
√
2j2 + 1∆j2 (2)
where εj2 are the single particle energies, and λ is the
Fermi energy, whereas the particle number condition is
given by
∑
j (2j +1)v
2
j = N. In the calculations, we use
a zero-range delta force for the pairing interaction.
V = −V0δ(r) (3)
Apart from its simplicity, the applicability and justifica-
tion of using such a δ-function form of interaction has
been discussed in Ref. [48], whereby it has been shown
in the context of Hartree-Fock-Bogoliubov (HFB) cal-
culations that the use of a delta force in a finite space
simulates the effect of finite range interaction in a phe-
nomenological manner (see also [38] for more details). In
this work the pairing strength is taken to be the same
for both protons and neutrons i.e. V0 = 350 MeV fm
3
which is used in Refs. [32, 39, 40] for the successful de-
scription of drip-line nuclei and obtained by fitting the
experimental odd-even staggerings with the cut off E−λ
= 8.0 MeV where E is the single-particle energy and λ
the chemical potential. The pairing matrix element for
the δ-function force is given by
〈
(j1
2) 0+ |V | (j22) 0+
〉
= − V0
8π
√
(2j1 + 1)(2j2 + 1) IR (4)
where IR is the radial integral having the form
IR =
∫
dr
1
r2
(
G⋆j1 Gj2 + F
⋆
j1 Fj2
)2
(5)
Here Gα and Fα denote the radial wave functions for the
upper and lower components, respectively, of the nucleon
wave function. The coupled field equations obtained from
the Lagrangian density in (1) are finally reduced to a set
of simple radial equations which are solved self consis-
tently along with the equations for the state dependent
pairing gap ∆j and the total particle number N for a
given nucleus.
The Relativistic Mean-Field description was extended
to treat deformed nuclei of axially symmetric shapes by
Gambhir et al. [49] using an expansion method which has
been commonly used in various Refs. [39, 42, 44, 50].
The scalar, vector, isovector and charge densities, as in
the spherical case, are expressed in terms of the spinor
πi, its conjugate π
+
i , operator τ3 etc. These densities
serve as sources for the fields φ = σ, ω0, ρ0 and A0,
which are determined by the Klein-Gordon equation in
cylindrical coordinates. Thus a set of coupled equations,
namely the Dirac equation with potential terms for the
nucleons and Klein-Gordon type equations with sources
for the mesons and the photon, is obtained. These equa-
tions are solved self consistently. For this purpose, as
described above, the well-tested basis expansion method
has been employed [49, 50]. For further details of these
formulations we refer the reader to Refs. [44, 49, 50].
III. RESULTS AND DISCUSSIONS
-0.5 0.0 0.5
-120
-117
-114
-111
-0.5 0.0 0.5
-116
-115
-114
-113
-112
-0.4 0.0 0.4
-90
-89
-88
-0.5 0.0 0.5
-123
-120
-117
-114
-0.2 0.0 0.2
-106
-105
-104
-103
-0.5 0.0 0.5
-111
-110
-109
-108
-0.4 0.0 0.4
-73
-72
-71
 
 
 
 
 
20C
18C
 
 
I
Quadrupole deformation parameter 
 E
ne
rg
y 
(M
eV
)
 
 
 
 
12C
 
 
 
 
22C
 
 
 RMF(NL3*)
 RMF(PK1)
 
 
14C
Z = 6 Isotopes
 
 
 
 
17C16C
-0.5 0.0 0.5
-108
-107
-106
-105
-104
 
 
 
 
15C
-0.4 0.0 0.4
-97
-96
-95
-94
 
 
 
 
13C
-0.6 0.0 0.6
-113
-112
-111
-110
 
 
 
 
-0.5 0.0 0.5
-117
-116
-115
-114
-113
 
 
 
 
19C
-0.5 0.0 0.5
-123
-120
-117
-114
-111
 
 
 
 
21C
 
  
 
11C
FIG. 1: (Colour online) The potential energy surfaces of C
isotopes as a function of the deformation parameter β2 calcu-
lated by NL3* and PK1 parameters.
As mentioned above, we have performed Relativistic
Mean-Field (RMF) calculations with axially symmetric
deformed shapes [27, 44, 49] using NL3* [34] and PK1
[36] force parameters for C isotopes to analyze magic-
ity from ground state properties. In Fig. 1, we have
plotted potential energy curves of 11−22C with respect
to quadrupole deformation parameter β2 to examine
shapes in ground state. Energy curves of 12,13,14C and
22C show only one minima at β2 = 0 indicating spher-
ical shapes whereas rest isotopes are found deformed in
which 11,15,16,17,18C are ascertained to exhibit shape co-
existence (prolate and oblate both shapes) and 19,20,21C
are found with dominant oblate shape. These observa-
tion are found consistent with earlier calculations done
by NL-SH parameter by Sharma et al. [51] and the de-
formed Hartree-Fock (HF)+ BCS model with Skyrme in-
3teraction done by Suzuki et al. [52]. It is also noteworthy
here that our results with NL3* and PK1 force parame-
ters are in good match as both of these parameters show
same kind of shapes and deformation for all C isotopes
mentioned in Fig. 1.
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FIG. 2: (Colour online) Same as Fig. 1 but for N = 6 isotones.
In a similar manner, we have plotted potential energy
curves as a function of deformation for N = 6 isotones in
Fig. 2. Here also, we have found some spherical candi-
dates viz. 8He, 12C, 13N, 14O and all others are found
with prolate and oblate shapes co-existence. Interest-
ingly, among these spherical candidates, 8He [53] and 14O
[2, 54] are already reported as doubly magic nuclei. In
Table I, we have tabulated quadrupole deformation ob-
tained by our calculations and by some other theoretical
predictions [51, 55, 56] along with energy difference be-
tween oblate and prolate minima for the nuclei showing
shape coexistence from Figs. 1 and 2.
Further to explore magic characteristics in these iso-
topes(isotones), we have depicted pairing energy contri-
bution of protons and neutrons in Fig. 3, which is an
indicator of shell closure if it vanishes to zero. In view of
this, it is gratifying to note that proton pairing energy
indeed remains zero for all the C isotopes and neutron
pairing energy shows zero value for all isotones of N =
6, indicating proton and neutron magic character for full
chain of nuclei, respectively. From Fig. 3(a), it is evi-
dent that neutron pairing energy also vanishes for N =
6, 8 and 14 refereing 12,14,22C as doubly magic nuclei.
Their zero deformations as depicted in Fig. 1 and Table
I establish these nuclei as potential candidates of doubly
magicity. In a similar manner from Fig. 3(b) and Fig.
2 along with Table 1, we find doubly magic nuclei 8He,
12C and 14O. These identified doubly magic nuclei using
pairing energy are in agreement with candidates reported
in Refs. [2, 16–18, 43, 53, 54].
For a comparison with experimental data and examin-
ing credibility of our results, in Fig. 4, we show neutron
separation energies for C isotopes and proton separation
TABLE I: Quadrupole deformation β2 and energy
difference(△E) between prolate and oblate minima for
the nuclei with Z(N) = 6 are shown. Other theoretical data
of β2 are taken from Refs. [51, 55, 56].
Nuclei β2 △E(MeV)
RMF other RMF
NL3* PK1 theories NL3* PK1
11C 0.243 0.274 0.138 0.170
12C 0.000 0.000 -0.230 - -
13C 0.000 0.000 - -
14C 0.000 0.000 0.000 - -
15C 0.246 0.238 0.468 0.220
16C 0.358 0.336 -0.005 0.294 0.212
17C 0.456 0.418 0.400 0.558 0.761
18C -0.380 -0.343 -0.316 0.536 0.385
19C -0.439 -0.403 1.785 1.806
20C -0.458 -0.435 -0.405 2.267 -
21C -0.339 -0.332 - -
22C 0.000 0.000 -0.308 - -
8He 0.000 0.000 - -
9Li 0.359 0.308 0.260 0.281
10Be 0.117 0.412 0.183 0.145
11B 0.117 0.281 0.132 0.161
12C 0.000 0.000 -0.23 - -
13N 0.000 0.000 - -
14O 0.000 0.000 - -
15F 0.211 0.234 - 0.272
16Ne 0.444 0.345 0.016 0.384 0.166
energies for N = 6 isotones along with experimental sep-
aration energies [35]. It is indeed noteworthy here from
Fig. 4 that our calculations with both the parameters
show excellent match with experimental data [35]. The
shell closures as revealed by the pairing energy graph
(Fig. 3) are also exhibited as an abrupt change in the val-
ues of two- and one-neutron (two- and one-proton) sep-
aration energies for the isotopes(isotones) next to magic
numbers. From Fig. 4(a) an abrupt change can be seen
just after N = 6, 8 and also for 16 (if plot further) [43]
showing magic character in 12,14,22C and similarly after
Z = 6 and 8 reflecting double magicity in 12C and 14O.
For further investigation of these magicity, we have
calculated single particle energies using spherical frame-
work of RMF+BCS approach [40, 41] for the nuclei which
are found doubly magic and spherical from above study.
With the use of spherical framework, role of single parti-
cle states and density distribution can be manifested in a
much simpler and effective way [40, 41] therefore, in Figs.
5(a) and 5(b), we have shown proton and neutron single
particle energies for Z = 6 and N = 6, respectively, along
with occupancy of each state shown by numbers. One can
find a large energy gap between proton 1p3/2 and 1p1/2 in
Fig. 5(a) for all the nuclei considered here from neutron
drip-line to proton drip-line. This gap which gives rise to
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FIG. 3: (Colour online) Pairing energy contributions are
shown separately for protons and neutrons for (a) Z= 6 iso-
topes and (b) N = 6 isotones calculated by NL3* and PK1
parameters.
shell closure at Z = 6, is found always > 7 MeV and also
which is comparable to the gap between 1p1/2 and 1d5/2
responsible for magic number Z = 8. Hence, these proton
single particle levels demonstrate magic character of Z =
6 in accordance with latest observation [21]. In a similar
manner, neutron single particle levels of N = 6 isotones
provide plenty grounds of magicity of N = 6 as can be
seen from Fig. 5(b). For full chain of isotopes(isotones)
of Z(N) = 6 the occupancy of proton(neutron) single par-
ticle 1p1/2 state is always found zero, as can be seen by
numbers on the states, bespeaking shell closure for Z(N)
= 6.
Further, to assure magicity of Z = 6, in Fig. 6 we
have plotted RMF potential, a sum of scalar and vector
potentials, for 12C in Fig. 6(a) and wavefunctions for 12C
of proton and neutron single particle states 1p3/2 and
1p1/2 in Figs. 6(b) and (c) respectively. The very large
energy gap between 1p3/2 and 1p1/2 as obtained in Fig.
5, can be testified with the different behaviour of wave
functions for the 1p3/2 and 1p1/2 states. In Fig. 6(b)
and (c) the wavefunction of 1p3/2 is clearly seen to be
confined within a radial range of about 4-5 fm (Fig. 6(a)).
In contrast, wavefunction of 1p1/2 is seen to be spread
over outside the potential region and hence providing no
chance for the particles to occupy 1p1/2 state.
We demonstrate radial distribution of charge density
of 12,14,22C along with 10,12Be in Fig. 7. It is indulging
to see from Fig. 7 that charge densities of nuclei with
Z = 6 show sharp fall and confined to smaller distances
compared to those for the charge density distributions of
nuclei with lower Z (10,12Be). This sharp fall in asymp-
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FIG. 4: (Colour online) Neutron separation energies (S2n and
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with NL3* and PK1 parameters are shown for Z = 6 isotopes
and N = 6 isotones along with experimental separation ener-
gies [35].
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FIG. 5: (Colour online) Proton and neutron single particle
energies for Z = 6 and N = 6 are shown in (a) and (b) respec-
tively.
totic density values is due to the fact that for the closed
shell isotopes (here Z = 6) there are no contributions to
the density from the quasi bound states having positive
energy near the continuum threshold. Similar pattern of
density (neutron density) we have found for isotones of
N = 6 (not shown here) and these distributions are in
support of magicity of Z = 6 and N = 6.
In addition, we have plotted proton rms radii for N =
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Co
p ) for N = 6 iso-
tones calculated by NL3* and PK1 parameters. Experimental
data are taken from [57–59].
6 isotones calculated by NL3* and PK1 parameters. To
eliminate the smooth mass number dependence of the
proton rms radii Rp, we normalized proton rms radii us-
ing the following formula given by Collard et al. [60]
RCop =
√
3/5 (1.15 + 1.80A−2/3 − 1.20A−4/3) A1/3 (6)
Therefore, the normalized radii (Rnorp = Rp/R
Co
p ) is
plotted in the inset of Fig. 7. Angeli et al. have suggested
a kink (change in the slope) particularly for shell closure
[61, 62] which is evident here also in inset of Fig. 7 for
the case of Z = 6. This kind of kink observed for Z = 6
is another demonstration of its magicity. Various ground
state properties obtained with NL3* and PK1 parameters
are mentioned in Table II with available experimental
data [57–59, 62–64] depicting comprehensive study and
general validity of RMF+BCS approach in this light mass
region.
IV. CONCLUSIONS
A systematic study using relativistic mean-field plus
BCS approach to investigate magicity in Z = 6 isotopes
and N = 6 isotones has been done with the help of
ground state properties. These calculations have been
performed first assuming an axially deformed shape (de-
formed RMF) and also for zero deformation by employing
spherical RMF approach which include binding energies,
deformations, proton and neutron pairing energies, two
neutron and proton separation energies, single particle
states as well as radii and density profiles calculated by
mainly NL3* parameter [34] and compared by PK1 [36]
parameter. Results of both these parameters are found
in excellent match with each other and available experi-
mental data.
A detailed analysis of binding energies, deformations,
pairing energies and one- and two-proton(neutron) sepa-
ration energies establishes 12,14,22C, 8He and 14O as dou-
bly magic candidates with either Z = 6 or N =6. Magic
character of Z = 6 protons and N = 6 neutrons is observed
consistently which is verified by a large gap between 1p3/2
and 1p1/2 single particle levels and dissimilar behaviour
of wavefunctions of these states. Charge density distri-
bution of C isotopes is also found to confined to a smaller
distance comparative to charge distribution of nuclei with
smaller Z and a kink in proton radii demonstrates proton
magicity in Z = 6 in accord with recent observation by
Tran et al.. In a similar way, magicity of N = 6 is also
reported with the same evidences which may be a testing
ground for upcoming experiments.
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6TABLE II: Binding energy, charge radius Rc, neutron radius Rn, proton radius Rp, and matter radius Rm for the nuclei with
Z(N) = 6 are tabulated and compared with available experimental data which are taken from Refs. [57–59, 62–64].
Nuclei Binding Energy (MeV) Rc (fm) Rn (fm) Rp (fm) Rm (fm)
NL3* PK1 Expt. NL3* PK1 Expt. NL3* PK1 Expt. NL3* PK1 Expt. NL3* PK1 Expt.
11C 73.05 73.44 73.44 2.52 2.48 2.26 2.23 2.39 2.35 2.34 2.30
12C 89.86 90.00 92.16 2.42 2.39 2.47±0.002 2.25 2.23 2.49±0.01 2.28 2.25 2.32±0.02 2.28 2.24 2.35±0.02
13C 97.30 97.42 97.11 2.47 2.44 2.46±0.003 2.45 2.40 2.33 2.31 2.30±0.04 2.40 2.36 2.28±0.04
14C 106.11 106.21 105.28 2.52 2.48 2.50±0.009 2.58 2.52 2.70±0.10 2.39 2.35 2.32±0.04 2.50 2.45 2.33±0.07
15C 107.67 107.07 106.50 2.54 2.51 2.79 2.66 2.41 2.38 2.37±0.03 2.64 2.55 2.54±0.04
16C 110.99 110.37 110.75 2.56 2.53 2.90 2.77 2.88±0.09 2.43 2.40 2.40±0.04 2.73 2.64 2.74±0.03
17C 113.07 111.96 111.49 2.59 2.56 3.01 2.86 2.46 2.43 2.42±0.04 2.83 2.72 2.76±0.03
18C 116.16 114.83 115.67 2.61 2.59 3.12 2.96 3.06±0.29 2.49 2.46 2.39±0.04 2.92 2.80 2.86±0.04
19C 118.40 116.12 116.24 2.63 2.61 3.23 3.04 2.51 2.48 2.40±0.03 3.02 2.88 3.16±0.07
20C 121.40 119.33 119.18 2.67 2.65 3.26 3.11 2.54 2.52 3.06 2.94 2.98±0.05
21C 121.71 118.35 119.15 2.65 2.64 3.37 3.17 2.53 2.51 3.15 3.00
22C 122.95 118.78 119.28 2.58 2.57 3.35 3.20 2.45 2.44 3.13 3.01
8He 37.45 34.96 31.40 2.06 1.99 1.92±0.03 2.84 2.51 2.50±0.19 1.90 1.82 1.89±0.17 2.63 2.36 2.37±0.18
9Li 49.56 48.60 45.34 2.32 2.23 2.25±0.05 2.65 2.45 2.17 2.08 2.50 2.33
10Be 64.21 64.31 64.98 2.38 2.35 2.36±0.02 2.47 2.40 2.58±0.04 2.24 2.21 2.24±0.02 2.38 2.33
11B 75.95 76.39 76.20 2.41 2.38 2.41±0.03 2.35 2.32 2.27 2.24 2.32 2.29
12C 89.86 90.00 92.16 2.42 2.39 2.47±0.002 2.25 2.23 2.49±0.01 2.28 2.25 2.32±0.02 2.28 2.24 2.35±0.02
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16Ne 97.16 95.68 97.33 3.13 2.93 2.43 2.40 3.03 2.82 2.82 2.67
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